Abstract
Preliminaries
In this paper, we are using the notations from [5] , [6] , [7] , [8] , along with conventions such as denoting, for any algebra A, by A the set reduct of A, unless we mention otherwise; for instance, an exception is the case when A is a lattice of partitions, equivalences or congruences, in which we use the same notation for A and its set reduct.
We denote by N the set of the natural numbers and by N * = N \ {0}. ∐ will be the disjoint union. For any set M , Part(M ) and Eq(M ) will be the lattices of the partitions and the equivalences on M , respectively, and eq : Part(M ) → Eq(M ) will be the canonical lattice isomorphism. If {M 1 , . . . , M n } ∈ Part(M ) for some n ∈ N * , then eq({M 1 , . . . , M n }) will be streamlined to eq(M 1 , . . . , M n ).
Let V be a variety of algebras of a similarity type τ , C ⊆ V, D a class of algebras with reducts in V and A and B algebras with reducts in V. Then Di(C) will denote the class of the members of C which are directly irreducible in V. H V (D), S V (D) and P V (D) will denote the class of the homomorphic images, subalgebras and direct products of the τ -reducts of the members of D, respectively, and V D (C) = H V S V P V (D) will denote the subvariety of V generated by the τ -reducts of the members of D. We will abbreviate by A ∼ =V B the fact that the τ -reducts of A and B are isomorphic. (Con V (A), ∩, ∨, ∆ A , ∇ A ) will be the bounded lattice of the congruences of the τ -reduct of A, and, for any n ∈ N * and any constants κ 1 , . . . , κ n from τ , we denote by Con Vκ1,...,κn (A) = {θ ∈ Con V (A) : (∀ i ∈ [1, n]) (κ A i /θ = {κ i })}, which is a complete sublattice of Con V (A) and thus a bounded lattice, according to the straightforward [8, Lemma 2.(iii) ]. If V is the variety of (bounded) lattices, then the index V will be eliminated from the notations above.
For any (bounded) lattice L, ≺ will denote the cover relation of L, L d will be the dual of L and, if L has a 0, then the set of the atoms of L will be denoted by At(L). For any a, b ∈ L, we denote by [a, b] = [a) ∩ (b] the interval of L bounded by a and b, as well as any algebraic structure we consider on it. For all n ∈ N * , we denote by D n the n-element chain, regardless of the bounded lattice-ordered structure we consider on it.
Let L be a lattice with top element 1 L and M be a lattice with bottom element 0 M . Recall that the ordinal sum of L with M is the lattice obtained by stacking M on top of L and glueing the top element of L together with the bottom element of M. For the rigorous definition, we consider the equivalence on the disjoint union of L with M that only collapses 1 L with 0
, we can identify L with L/ε and M with M/ε by identifying x with x/ε for every x ∈ L ∐ M . Now we define the ordinal sum of L with M to be the
, which becomes L ∪ M with the previous identification, and
Of course, L ⊕ M becomes a bounded lattice if L and M are bounded lattices. Note that, for any α ∈ Con(L) and any β ∈ Con(M), if we denote by
Clearly, the operation ⊕ on bounded lattices is associative, and so is the operation ⊕ on the congruences of such lattices. Note that the map (α, β) → α⊕β is a lattice isomorphism from Con(L×M) ∼ = Con(L)×Con(M) to Con(L⊕M). Now let L and M be nontrivial bounded lattices. Recall that the horizontal sum of L with M is the nontrivial bounded lattice obtained by glueing the bottom elements of L and M together, glueing their top elements together and letting all other elements of L be incomparable to every other element of M. For the rigorous definition, we consider the equivalence on the disjoint union of L with M that only collapses the bottom element of L with that of M and the top element of L with that of
, we can identify L with L/ε and M with M/ε by identifying x with x/ε for every x ∈ L ∐ M . Now we define the horizontal sum of L with M to be the nontrivial bounded lattice
Note that the horizontal sum of nontrivial bounded lattices is commutative and associative, it has D 2 as a neutral element and it can be generalized to arbitrary families of nontrivial bounded lattices.
The Algebras and Varieties Studied in the Following Sections
See [5] , [6] , [7] , [8] for more details on the notions that follow.
Recall that a bounded involution lattice (in brief, BI-lattice) is an algebra L = (L, ∧, ∨, · ′ , 0, 1) of type (2, 2, 1, 0, 0) such that (L, ∧, ∨, 0, 1) is a bounded lattice and · ′ : L → L is an order-reversing operation that satisfies a ′′ = a for all a ∈ L. This makes · ′ a dual lattice automorphism of L, called involution. For any bounded lattice-ordered algebra A, we denote by A l the bounded lattice reduct of A. For any A having a BI-lattice reduct, we denote that reduct by A bi .
A pseudo-Kleene algebra is a BI-lattice L satisfying a ∧ a
The involution of a pseudo-Kleene algebra is called Kleene complement. Distributive pseudo-Kleene algebras are called Kleene algebras or Kleene lattices.
Let L be a BI-lattice. Then we denote by
By taking b = 1 in the previous implication, we obtain that any orthomodular lattice is an ortholattice. Note, also, that any modular ortholattice is an orthomodular lattice, and that Boolean algebras are exactly the distributive ortholattices. Clearly, any ortholattice is a pseudoKleene algebra. If M is a bounded lattice, K is a BI-lattice and f is a dual lattice isomorphism from M to
If A and B are nontrivial BI-lattices, then the horizontal sum A l ⊞ B l becomes a BI-lattice A ⊞ B when endowed with the involution · ′A⊞B defined by: · ′A⊞B | A = · ′A and · ′A⊞B | B = · ′B , which makes the BI-lattices A and B subalgebras of A ⊞ B. Clearly, A ⊞ B is a pseudo-Kleene algebra iff A and B are pseudo-Kleene algebras and at least one of them is an ortholattice.
A BI-lattice L is said to be paraorthomodular iff, for all a, b ∈ L, if a ≤ b and a ′ ∧ b = 0, then a = b. Algebras with BI-lattice reducts will be said to be orthomodular, respectively paraorthomodular iff their BI-lattice reducts are such. Note that any orthomodular lattice is a paraorthomodular BI-lattice and any paraorthomodular ortholattice is orthomodular. However, there are paraorthomodular pseudo-Kleene algebras that are not orthomodular, for instance the diamond M 3 = D 
Let us consider the following equations, out of which SDM clearly implies ( * ):
A PBZ * -lattice is a paraorthomodular BZ-lattice that satisfies condition ( * ). PBZ * -lattices form a variety.
We denote by BA, MOL, OML, OL, PKA, BI, BZL and PBZL * the varieties of Boolean algebras, modular ortholattices, orthomodular lattices, ortholattices, pseudo-Kleene algebras, BI-lattices, BZ -lattices and PBZ * -lattices, respectively. By the above, OML can be identified with the subvariety {L ∈ PBZL * : L x ′ ≈ x ∼ } of PBZL * , by endowing each orthomodular lattice, in particular every Boolean algebra, with a Brouwer complement equalling its Kleene complement. In the same way, we can identify OL with the subvariety {L ∈ BZL :
If A and B are nontrivial BZ-lattices, then, exactly when at least one of A and B is an ortholattice, the horizontal sum A bi ⊞ B bi becomes a BZ-lattice A ⊞ B when endowed with the Brouwer complement · ∼A⊞B defined by: · ∼A⊞B | A = · ∼A and · ∼A⊞B | B = · ∼B , which makes the BZ-lattices A and B subalgebras of A ⊞ B. From this, by enforcing paraorthomodularity and condition ( * ), we obtain that A ⊞ B is a PBZ * -lattice exactly when A and B are PBZ * -lattices and at least one of them is orthomodular. An antiortholattice is a PBZ * -lattice L with S(L) = {0, 1}, or, equivalently, a PBZ * -lattice L whose Brouwer complement is trivial, that is a ∼ = 0 for all a ∈ L\{0} (and, of course, 0 ∼ = 1, as in every BZ-lattice). Note that any paraorthomodular pseudo-Kleene algebra L with S(L) = {0, 1}, in particular any pseudo-Kleene algebra with the 0 meet-irreducible (which implies paraorthomodularity), in particular any Kleene chain, becomes an antiortholattice when endowed with the trivial Brouwer complement. Moreover, clearly, in any BZ-lattice L with the 0 meet-irreducible (which implies ( * )), the Brouwer complement is trivial, so L is an antiortholattice. Furthermore, if M is a nontrivial bounded lattice and K is a pseudo-Kleene algebra, then the BI-lattice M⊕K⊕ M d , endowed with the trivial Brouwer complement, becomes an antiortholattice, that we denote by
, as its bounded lattice reduct. We denote by AOL the proper universal class of antiortholattices (see Section 4 below).
We also consider the following subvarieties of PBZL
Let M be a bounded lattice and C, D be classes of bounded, BI or BZ-lattices. Then we denote:
Direct Irreducibility in Certain Varieties of PBZ * -lattices
Recall from [6] that antiortholattices are directly irreducible, and from [7] that, moreover, the class of the directly irreducible members of V BZL (AOL) is AOL. Now let us see that even the lattice reducts of antiortholattices are directly irreducible. In relation to this property, let us investigate pseudo-Kleene algebras with directly reducible lattice reducts, as well as bounded lattice complements in lattice reducts of antiortholattices.
Lemma 4.1. If A and B are bounded lattices and L is a pseudo-Kleene algebra such that
Proof. For brevity, we drop the superscripts. Let (0, 1) 
Note that a BI-lattice L can be directly irreducible while L l is directly reducible; indeed, the BI-lattice D 3 ⊞ D 3 , in which the incomparable elements equal their involutions, is directly irreducible, but its lattice reduct is isomorphic to D We have used above the fact that, since an antiortholattice has no nontrivial sharp elements, the only elements of an antiortholattice whose Kleene complements are bounded lattice complements are 0 and 1. In distributive antiortholattices, moreover, we have no nontrivial complemented elements: Proof. Let L be a distributive antiortholattice and assume by absurdum that, for some a, b ∈ L \ {0, 1}, a ∨ b = 1 and a ∧ b = 0, so that a
, which contradicts the fact that L is an antiortholattice. 
As we have noticed in [7] , any pseudo-Kleene algebra with no nontrivial sharp elements is paraorthomodular and satisfies condition ( * ) when endowed with the trivial Brouwer complement, hence it becomes an antiortholattice, since, clearly, any pseudo-Kleene algebra, endowed with the trivial Brouwer complement, becomes a BZ-lattice. Thus the Hasse diagram above represents, indeed, the BI-lattice reduct of an antiortholattice. Proof. Assume by absurdum that L = K × M for some nontrivial bounded lattices K and M. Since |L| > 4, we have |K| > 2 or |M | > 2. Assume, for instance, that there exists a u ∈ K \ {0
M , which contradicts the fact that M is nontrivial. Hence L is directly irreducible.
Proposition 4.7.
• If L ∈ (OML⊞AOL)\OML, then L l is directly irreducible, thus L is directly irreducible.
• Note from [7] and [8] that all members of (OML ∨ V BZL (AOL)) \ (OML ∪ AOL) are directly reducible and all members of V BZL (OML ⊞ AOL) \ (OML ⊞ AOL) are directly reducible. Hence: Corollary 4.8.
• Di(OML ∨ V BZL (AOL)) = Di(OML) ∪ AOL.
• Di(V BZL (OML ⊞ AOL)) = Di(OML) ∪ ((OML ⊞ AOL) \ OML).
Lengths of the Subsemilattices of Dense Elements
Recall that the length of a poset L is the cardinality of the largest subchain of L, denoted by length(L), if such a chain exists, and we say that a cardinality κ is an upper bound for the length of L iff L has no subchain of a cardinality strictly greater than κ. We say that κ is an upper bound for the lengths of the members of a class C of posets iff no member of C has a subchain of a cardinality strictly greater than κ.
Remark 5.1. Clearly, since BA has no upper bound for the lengths of its members, the only subvariety of PBZL * having an upper bound for the lengths of the subalgebras of sharp elements of its members is the trivial variety T, which is thus the only subvariety of PBZL * having an upper bound for the lengths of its members. Lemma 5.2. [5, 6] In the lattice of subvarieties of PBZL * :
• for any subvariety V of PBZL * such that V OML, we have D 3 ∈ V, thus D 4 ∈ V;
• for any subvariety V of PBZL
Let L be an arbitrary PBZ * -lattice. We will now investigate the length of the subset T (L) = {x ∈ L :
Recall from [8] that T (L) is (the universe of) a bounded join subsemilattice of any PBZ * -lattice L, which we denote the same as its universe, to differentiate from the case when it is an antiortholattice T(L) ∈ S BZL (L). In [8] , we have denoted by D(L) = {x ∈ L : x ∼ = 0} and called its elements dense elements of L; note from the above that 
Proposition 5.7. Let V be a variety of PBZ * -lattices and let us denote by maxlengtht(V) = max{length(T (A)) : A ∈ V}, if such a maximum exists. Then: 6 Generators in the Variety SAOL Note that, for any antiortholattice A, we have: A SDM iff 0 is meet-irreducible in A l . So, by an observation recalled in Section 3, the PBZ * -lattices with the 0 meet-irreducible are exactly the antiortholattices satisfying SDM.
Remark 6.1. Recall from [6, Lemma 3.3. (1)] that all subdirectly irreducible members of V BZL (AOL) are antiortholattices, hence SAOL is generated by the subdirectly irreducible antiortholattices it contains, that is the subdirectly irreducible antiortholattices with the 0 meet-irreducible.
L , 1 L } is an embedding of BZ-lattices. Now apply Remark 6.1.
Remark 6.3. The members of D 2 ⊕PKA⊕D 2 are exactly the PBZ * -lattices with the 0 strictly meet-irreducible, because any such PBZ * -lattice also has the 1 strictly join-irreducible, so it is of the form D 2 ⊕ K ⊕ D 2 for some BI-lattice K, and, clearly, D 2 ⊕ K ⊕ D 2 is a pseudo-Kleene algebra iff K is a pseudo-Kleene algebra. By the property from Section 3 recalled above, conversely, for any pseudo-Kleene algebra K, D 2 ⊕ K ⊕ D 2 is an antiortholattice, in particular a PBZ * -lattice, having, of course, the 0 strictly meet-irreducible.
Clearly, for any bounded or BI-lattices
Let us see that these strict inclusions are preserved by the class operator V BZL , that is we have the same strict inclusions between the subvarieties of SAOL generated by these classes of antiortholattices. But, before studying these inclusions, let us investigate the relations between the class operators applied to a class C of BI-lattices and these operators applied to the class
Note that, for any antiortholattice L, any proper congruence of L has the classes of 0 and 1 singletons and any lattice congruence of L that preserves the Kleene complement and has the classes of 0 and 1 singletons also preserves the Brouwer complement of L, that is:
If we now take a look at the congruences of the ordinal sums constructed in Section 3, we may notice that: 
• if M is nontrivial and K is a pseudo-Kleene algebra, so that L is an antiortholattice, then
Lemma 6.5. (i) If I is a non-empty set, then, for any families (L i ) i∈I ⊆ BI and (K i ) i∈I ⊆ PKA, we have:
, that preserves the 0 and 1 and restricts to the set inclusion on i∈I L i , respectively i∈I K i , is an embedding of BI-lattices, respectively BZ-lattices.
(ii) Clearly, the map from
, that preserves the 0 and 1 and restricts to a BI-lattice embedding of M into L, respectively of N into K, is an embedding of BI-lattices, respectively BZ-lattices.
(iii) If we denote by α = eq({{0}, {1}} ∪ L/θ) and β = eq({{0}, Lemma 6.4 , and the map that preserves the 0 and 1 and restricts to the identity map of L/θ, respectively K/ζ, is an isomorphism of BI-lattices, respectively
Proposition 6.6. Let C ⊆ BI and D ⊆ PKA. Then:
Proof. 
Proof. It is easy to see that
Let us consider the following equations in the language of BZ-lattices:
Of course, under SDM, D2OL∨ is equivalent to:
and the same goes for D2OL∧. In particular, for any K ∈ PKA \ OL, D 2 ⊕ K ⊕ D 2 D2OL∨ and similarly for each statement in Proposition 6.9. So, for instance,
Proof. By Theorem 6.2 and Propositions 6.9 and 6.8. Proof. For all i, j ∈ J, let δ i,j = 0, i = j, 1, i = j, ∈ D 2 . For every i ∈ I, let a i = (δ i,t ) t∈I ∈ D 
